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We consider the role of Lorentz symmetry in noncommutative field theory. We 
find that a Lorentz- violating standard-model extension involving ordinary fields is 
general enough to include any realisitc noncommutative field theory as a subset. 
This leads to various theoretical consequences, as well as bounds from existing 
experiments at the level of (10 TeV) - 2 on the scale of the noncommutativity 
parameter. 



Following discovery that it could arise naturally in string theory, there has 
been a recent revival of the -notion that spacetime may intrinsically involve 
noncommutative coordinates™ In noncommutative geometry, cartesian-like co- 
ordinates obey commutation relations 

[x tt ,x v )=iOi xv , (1) 

where the components of 9^ are real and satisfy 0^ v = —B v ^. The nonzero 0^ v 
in Eq. (|l|) necessarily leads to violations of Lorentz symmetryn In the present 
work, we primarily study the physical effects that arise from this Lorentz vio- 
lation and consider the sensitivity of current experiments to possible realistic 
noncommutative field theoriesa 

The following recipe may be used to generate a noncommutative quantum 
field theory: Begin with an ordinary theory, then replace all ordinary fields 
with noncommutative fields and all ordinary products with Moyal * products, 
defined by 

(f*g)(x):=exp(±i6>"d x »d v »)f(x)g(y)\ x=y . (2) 

In general, the resulting noncommutative theory will not support any ordinary 
gauge symmetry that the original ordinary theory supports. However, there 
may be a modified noncommutative gauge symmetry that is supported by the 
noncommutative field theory. In the present work, we concentrate on noncom- 
mutative quantum electrodynamics (QED), which has hermitian lagrangian 

C = $ty*^Dr$-mlj;*$--£ I Fp / *Fi»' . (3) 

Here, carets indicate noncommutative quantities, :— d^A v — d^A^ — 

{[A^A^, D^i/j := d^i/j - iA^*ip, and /* D M g := / * D^g - D^f *g. 



Since the parameter 9^ v carries Lorentz indices, the application of Lorentz 
transformations to Eq. (|3|) requires more care than usual. In particular, the 
two distinct types of Lorentz transformation^ observer and particle, must be 
distinguished. Observer Lorentz transformations leave the physics associated 
with Eq. (||) unchanged, since the quadratic field operators and 9^" transform 
as Lorentz tensors according to their Lorentz indices. Thus, Eq. (|^) is fully ob- 
server Lorentz symmetric. In contrast, particle Lorentz transformations treat 
the quadratic field operators as Lorentz tensors according to their Lorentz 
indices, but treat 9^ as a set of Lorentz scalars. Thus, Eq. (||) violates par- 
ticle Lorentz symmetry. Within a given inertial reference frame, 9^ v may be 
thought to provide a 4-dimensional directionality to spacetime. This behav- 
ior is similar to that of background tensor expectation values in spontaneous 
Lorentz symmetry breakingcl 

The discussion of the previous paragraph may be obviously generalized 
to any noncommutative theory, implying that any noncommutative theory 
violates (particle) Lorentz symmetry. 

The recipe described above does not directly specify the relationship be- 
tween noncommuative field operators and realistic physical variables. For ex- 
ample, since the fermion field ^ in Eq. (^) is noncommutative and obeys an 
unconventional gauge transformation law, the relationship between its quan- 
tum and the physical electron is nontrivial. However, there is a known cor- 
respondence between noncommutative gauge fields and ordinary fields, called 
the Seiberg-Witten mapP that yields an ordinary guage theory with physical 
content equivalent to the noncommutative gauge theory. It is presumably fea- 
sible tn calculate physical observables directly in terms of the noncommutative 
fields|i3 : E£l though we do not take this approach here. 

After applying the Seiberg-Witten map to any realistic noncommutative 
gauge theory the result is an ordinary guage theory involving standard-model 
fields that breaks particle Lorentz symmetry while preserving observer Lorentz 
symmetry. Meanwhile, a general framework already exists that has standard- 
model gauge symmetries, is built from standard-model fields-Jpreaks particle 
Lorentz symmetry, and preserves observer Lorentz symmetryEm Thus, any re- 
alistic noncommutative gauge theory is physically eguivalent to a subset of the 
standard-model extension. 

The correspondence between realistic noncommutative theories and sub- 
sets of the standard-model extension allows results from the latter theoretical 
framework to be applied to the former. Among the consequences for any real- 
istic noncommutative field theory: 

1. Energy and momentum are conserved. 
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2. CPT is preserved. However, alLother combinations of the discrete sym- 
metries C, P, T may be brokenlj 

3. The ferminnic sector is free of perturbative difficulties with stability and 
causalityE2l Accordingly, superluminal information transfer is absent. 

4. The conventional spin-statistics relation holds. 

5. There are no difficulties with perturbative unitarity, provided 6^" 9^ > 
and e^O^Oap = 0. 

In the remainder of this work, we assume 9^ v 9^ v > and e^ va ^9^ v 9 a (3 = 0, 
and focus on the noncommutative QED described in Eq. (|^). Since physical 
noncommutativity in nature must be small, it suffices to consider only effects 
that are leading ordexJji 9^ v ' . In this case, the explicit form of the Seiberg- 
Witten map is knowrElO: 

A lL = A il - \9 ali A a (dpA^ + F Pm ) 

^=^-\9^A a d^ . (4) 

Combining Eq. (^)-Eq. (||) yields an ordinary quantum field theory that is 
physically equivalent to noncommutative QED to leading order in 9^ v . 

We are primarily interested in situations involving constant electromag- 
netic fields since our focus is on experiments that satisfy this condition. To 
this end, we substitute — > + F^ Vl where f^ v is a constant background 
electromagnetic field and F^ is assumed to be a small dynamical fluctuation. 
We then perform a physically irrelevant rescaling of the fields ip and A^ (to 
preserve conventional normalization of kinetic terms), and disregard terms of 
third order or larger in the fluctuations. Finally, we redefine the gauge field 
A^ —>■ qA^ to display the charge coupling of the physical fermion. 

The result of these manipulations is the hermitian lagrangian 

C = \i$>f D^i/j- - \F^F^ 

+ ^c^^ D^-l(k F ) aPlS F al3 F~< 5 . (5) 

In this equation, D^ip — d^ip — iqcsA^ip, where the charge g e ff is a scaled 
effective value, 

q eS := (1 + faf^e^q . (6) 
The dimensionless coefficients c M1/ and &f«/37<5 are 

(kF)af3~f8 '■= —<lfa X 9\ 1 rips + \qf al 9ps — jqfa^jS 

-(a<r+/3)-(<y^6) + (a/3^76) . (7) 
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The notation here is chosen to resemble that of the standard-model extension 
in its QED limittl Note, however, that the coefficients c M „ and (fc_F) Q /3 7 i now 
depend on the background electromagnetic field strength, so some caution is 
required in applications. Note also that, at least to leading order, noncommu- 
tative effects vanish for neutral fermions. 

The photon sector of Eq. (|J) has been studied elsewhereQ In the present 
work, we concentrate primarily on the fermion sector. In particular, we fo- 
cus on clock-comparison experiments)! 3 ] which place stringent boundo on the 
parameter c^„. 

From Eq. (|), we can calculate a hermitian perturbation hamiltonian, the 
expectation value of which gives a quadrupole-type energy-level shift S ~ 
ffiF'ym(cii + C22 — 2C33) ~ friF'ymqBd 12 to a fermion of charge q and mass 
m. Here mp denotes a ratio of Clebsch-Gordan coefficients and 7 denotes an 
expectation value of momentum operators. Both ffiF and 7 are zero unless 
the particle has orbital and total angular momentum /, j > 1. In deriving this 
formula, it has been assumed that the fermion is in a constant magnetic field 
B parallel to the laboratory z-axis. 

Through 8 12 = 8(x,y), which is given in terms of a laboratory basis 
(x,y, z), the energy shift S varies with time as Earth rotates. To explicitly 
display this variation, we re-express S with respect to a nonrotating frame 

(x,Y,zy. 

5 = E + E X x cos fit + E lY sin tit . (8) 

In this expression, Eq is an irrelevant constant and (Eix , Eiy) ~ (9 YZ ,9 ZX ) 
give the amplitude of the variation of 5 with sidereal frequency f2. Contrast 
this with the situation when c M „ is independent of B, in which case S also has 
variation at frequency 20. 

We can apply these results to recent clock-comparison testsEl Most are 
sensitive only to Lorentz-violating effects in the neutron, and so are insensi- 
tive to noncommutative-geometry effects. However, two experiments contain 
sensitivity to charged particles, and can be used to bound the scale of non- 
commutative geometry in nature. 

The experiment of Berglund et al. bounds sidereal variations in certain 
133 Cs and 199 Hg transitions to about 100 11Hz. However, the weak magnetic 
field B ~ 5 mG used in the experiment leads to a relative suppression of 
noncommutative effects, leaving a bound \d YZ \ , \ 8 ZX \ < (10 GeV) -2 . 

The experiment of Prestage et al. bounds sidereal variations in certain 
9 Be + transitions to about 100 //Hz. In contrast to Berglund et al., this ex- 
periment used a rather strong applied magnetic field B~ IT, The resulting 
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bound on noncommutativity is 

\9 YZ \ , \9 ZX \ < (10 TeV)~ 2 . (9) 

The noncommutativc parameter d^ v has been bounded in other low-energy 
experiments. For example, a bound several-orders of magnitude weaker than 
Eq. (^|) arises from study of the Lamb shiftily Elsewhere, an analysis involving 
anomalous spin couplings and coherent nuclear effectio leads to a speculative 
bound some 20 order of magnitude stronger than Eq. (^|) . 
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